In the framework of open quantum systems, we study the dynamics of a static polarizable two-level atom interacting with a bath of fluctuating vacuum electromagnetic field and explore under which conditions the coherence of the open quantum system is unaffected by the environment totally. For both a single-qubit and two-qubit systems, we find that the quantum coherence can not be protected from noise when the atom interacts with a non-boundary electromagnetic field. However, with the presence of a boundary, the dynamical conditions for the insusceptible of quantum coherence are fulfilled only when the atom is close to the boundary and is transversely polarizable. Otherwise, the quantum coherence can only be protected in some degree in other polarizable direction.
I. INTRODUCTION
Quantum coherence is an important concept in quantum theory. The superposition principle of quantum states summarize the characteristic features of quantum systems from their classical counterparts, which marks the coherence is a fundamental aspect of quantum physics [1] . As the technological progress in the last few decades, quantum coherence becomes a powerful resource in various aspects, such as low-temperature thermodynamics [2] [3] [4] [5] [6] , quantum metrology [7, 8] and solidstate physics [9, 10] . Besides, the interference phenomena plays a key role in quantum optics experiments [11] [12] [13] [14] , as well as a series of quantum information processing tasks [15] . Conventionally, quantum coherence is regarded as a physical resource which is associated with the capability of a quantum state to exhibit quantum interference phenomena. Recently, Baumgratz et al. proposed some rigorous measurements to quantify coherence, such as l 1 norm and relative entropy of coherence [16] , which are distance-based measurements for such resources.
On the other hand, a realistic quantum system should be regarded as an open system due to the interaction between the system and its surrounding environment. For example, a two-level atom bathing in a vacuum fluctuations of electromagnetic field would suffers from decoherence, in which quantum coherence would reduced due to the interaction between the atom and the environment. Considering that the coherence is not only a fundamental aspect of quantum physics but also a crucial resource in quantum information technology, it is essential to find strategies to protect it. Most recently, Bromley et al. found that under some suitable dynamic conditions, * Corresponding author, Email: jljing@hunn.edu.cn the quantum coherence is efficiently preserved from noise during the entire evolution [17] .
In this paper we consider a static two-level atom which couples with the bath of fluctuating vacuum electromagnetic field. Our goal is to protect the quantum coherence by setting a reflecting boundary in the electromagnetic field, which would changes the vacuum fluctuations. We first calculate the evolution of the l 1 norm and relative entropy of coherence for a single-qubit system. Two different cases, the electromagnetic field without or with the presence of a reflecting boundary, are considered. We are going to analyze under which conditions the coherence is totally unaffected by the vacuum fluctuations. We find that in an unbounded space, the quantum coherence can not be frozen during the whole evolution, which is due to the interaction between the two-level atom and the electromagnetic field. However, with the presence of a boundary, the quantum coherence can be frozen when the atom is close to the boundary and is transversely polarizable, which means that the quantum coherence can be protected efficiently. We then study the quantum coherence of a two-qubit system with maximally mixed marginals [18, 19] and find that the result is similar to that of the single-qubit case.
The outline of the paper is as follows. In section II, we briefly introduce the methods to quantify coherence and discuss the dynamics of open quantum systems for a static polarizable two-level atom coupling a bath of fluctuating vacuum electromagnetic field. In section III, we calculate the evolution of the l 1 norm and relative entropy of coherence for a single-qubit system. In section IV, we study the evolution for a two-qubit system. We summarize and discuss our conclusions in the last section.
II. COHERENCE MEASURES AND DYNAMIC EVOLUTION OF A TWO-LEVEL ATOM SYSTEM
In this section we recall the methods to measure coherence in the reference basis which is due to the off-diagonal elements of a density matrix ρ , for instance, the intuitive l 1 norm and the relative entropy of coherence [16] , which can be given by
and
respectively. In Eqs. (1) and (2), ρ indicates a state arbitrarily, S(ρ) = −Tr(ρ log ρ) is the von Neumann entropy, and ρ diag donates a density matrix that delete all off-diagonal elements of ρ.
We will discuss the evolution of an open quantum system. The total Hamiltonian of the system with a twolevel atom and the fluctuating vacuum electromagnetic field is H = H s + H f + H I , where H s and H f denote the Hamiltonian of the atom and the free electromagnetic field, respectively, and H I represents their interaction. Here we take a two-level atom with Hamiltonian H s = 1 2 ω 0 σ 3 , where ω 0 is the energy level spacing, and σ 3 is the Pauli matrix. The Hamiltonian representing the interaction between atom and electromagnetic field is
where e is the electron electric charge, er is the atomic electric dipole moment, E(x) denotes the electric field strength. The initial state of the whole system is given by the total density matrix ρ tot = ρ(0) ⊗ |0 0|, where ρ(0) is the reduced density matrix of the two-level atom, and |0 is the vacuum state of the field. For the total system, its equation of motion in Schrodinger picture is
where τ is the proper time. In the limit of weak coupling, the evolution of the reduced density matrix ρ(τ ) can be written in the Kossakowski-Lindblad form [20, 21] 
where H ef f is the effective Hamiltonian
In Eqs. (6) and (7), Ω is the effective energy level-spacing of the atom and a ij is the coefficients of the Kossakowski matrix which can be expressed as
with
where G(λ) and K(λ) represent Fourier and Hilbert transforms respectively, are defined as follows:
In integral the function
|0 is the twopoint correlation function for electromagnetic field. Here |+ , |− denote the excited state and ground state of the atom.
According to Eq. (5), and assuming a single two-level atom with initial state |ψ(0) = cos
, its time-dependent reduced density matrix is found to be
III. INFLUENCE OF VACUUM FLUCTUATIONS ON QUANTUM COHERENCE FOR A SINGLE-QUBIT
Let us now analyze how the initial state and vacuum fluctuations affect the quantum coherence such that the l 1 norm and relative entropy of coherence can be frozen during the dynamic evolution of the atom. We can do it by using the differential of the measures on the evolved state with the noise parameter q that is equal to zero [17] 
where q = 1 − e −γt , t represents time and γ is the decoherence rate [15] . In this work we will consider two situations, where the atom interacts with a electromagnetic field without a boundary and a electromagnetic field with a boundary, respectively.
A. In the case without a reflecting boundary
In order to calculate the spontaneous emission rates of a static polarizable two-level atom in the electromagnetic field without a boundary, we consider the trajectory of the atom
According to the trajectory of the atom and using the two-point function of the electromagnetic field in the unbounded space [22] , we can easily obtain the field correlation function in the frame of the atom
and the spontaneous emission rate is given by [23] 
Then we obtain the coefficients of the Kossakowski matrix a ij and the effective level spacing of the atom respectively
where the superscript 0 indicates the vacuum fluctuations in the unbounded space.
Using Eqs. (11), (16) and (17), the l 1 norm and relative entropy of coherence for the initial single-qubit are found to be
where q = 1 − e −γ0τ , and
Now let us analyze under which dynamical conditions the quantum coherence of the single-qubit system is totally unaffected by noise. By applying Eq. (18) to Eq. (12), the q derivative of the l 1 norm can be calculated as follow
As the l 1 norm of coherence is dependent of off-diagonal elements of a density matrix, we come to a conclusion that the necessary and sufficient freezing condition for l 1 norm under the dynamic evolution of the atom is sin θ = 0 in the initial state. Similarly, substituting Eq. (19) into Eq. (12) we have
From which we find that such a measure is frozen through the dynamic evolution only when cos θ = 1 or cos θ = −1 (trivial because the initial state is incoherent).
Above discussions tell us that under the dynamic evolution leave coherence invariant only when the initial state is incoherent. In other words, the dynamics of quantum coherence can not be frozen in the studied open quantum system, which is due to the fact that the coherence is affected by the interaction between the two-level atom and the fluctuating vacuum. Unlike the behavior of a single-qubit state [17] , we find that the l 1 norm of coherence can be frozen for specific initial states, while there is no nontrivial freezing of the relative entropy of coherence. Now, we calculate the quantum coherence of the twolevel atom in the vacuum fluctuations which existing a reflecting boundary. To do so, we consider the case that the atom is placed at a distance z 0 from the boundary [23] .
Then the coefficients of the Kossakowski matrix a ij and the effective level spacing of the atom can be calculated as
where, α i = | −|r i |+ | 2 /| −|r|+ | 2 represents the relative polarizability, which satisfies i α i = 1, and f i (ω 0 , z 0 ) are oscillating functions of distance z 0 with a positiondependent amplitude. Hereafter, for simplify we abbreviate i α i f i (ω 0 , z 0 ) as f (ω 0 , z 0 ). Then the l 1 norm with the presence of a reflecting boundary can be calculated using Eq. (1)
By applying Eq. (25) to Eq. (12), we obtain the q derivative of the l 1 norm of coherence
Comparing Eq. (26) with (20), we can see that the term 1−f (ω 0 , z 0 ) in Eq. (26) in fact decides the dynamical conditions so that the quantum coherence of the single-qubit system is totally unaffected by noise with the presence of a reflecting boundary. Let us now first analyze the limit situation when the atom is placed very far from the boundary, which leads to f i (ω 0 , z 0 ) → 0, and makes this case reduces to that of the unbounded Minkowski vacuum. As the polarizations of the atom are in different directions and behave differently. To show the properties of the l 1 norm, we plot it as the function of q and z 0 for (α x , α y , α z ) = (1, 0, 0), (0, 0, 1), (1/3, 1/3, 1/3) in Fig. (1) , which corresponding to the parallel, vertical, isotropic polarization cases respectively. From Fig. (1) we can see that due to the presence of the boundary, the vacuum fluctuations is subjected to influenced, and the l 1 norm of quantum coherence can be frozen under suitable condition. Case (i) It is worthy to notice that no matter what direction is the atom polarized in the xy plane, the relations α z = 0 and z 0 → 0 can be satisfied, which lead to f x (ω 0 , z 0 ) = f y (ω 0 , z 0 ) = 1 in Eq. (25). Then C l1 (ρ) is independent of the environment, which signifies that the l 1 norm of coherence for the single-qubit system will be frozen when the parallel polarized atom close to the boundary, protecting the important quantum resources of coherence effectively.
Case (ii) If the atom is polarized in z axis direction, we cam get α x = α y = 0, which means such a measure is frozen only when trivially the initial state is incoherent, while the decoherence rate decreases slower and the quantum coherence get protected by the presence of the boundary as compared to the unbounded case.
Case (ii) If the polarization is in an isotropic polarization direction (α x = α y = α z = 1 3 ), only trivially when the initial state is already incoherent leads to the coherence be frozen, otherwise the quantum coherence become protected in some degree due to the presence of the boundary.
In the same way, the relative entropy of coherence with the presence of a reflecting boundary will be found using Eq. (2)
where
Substituting Eq. (27) into Eq. (12), we obtain the q derivative of the relative entropy of coherence (color online). The relative entropy of coherence is the function of q and z0 for (αx, αy, αz) = (1, 0, 0), (0, 0, 1), (1/3, 1/3, 1/3) respectively. We set sin θ = 1 and the values of all the curves are in the unit of c/ω0.
Let us consider the properties of the relative entropy of coherence with the presence of a reflecting boundary. We plot it in Fig. (2) , which is the function of q and z 0 for (α x , α y , α z ) = (1, 0, 0), (0, 0, 1), (1/3, 1/3, 1/3), corresponding to the parallel, vertical, isotropic polarization cases, respectively. Similar to the l 1 norm, no matter what direction is the atom polarized in the xy plane, the relative entropy of coherence for the single-qubit system will be frozen when the parallel polarized atom extremely close to the boundary. However, the relative entropy of coherence will be protected in other situation. In a word, due to the modification of the vacuum fluctuations caused by the reflecting boundary, the vacuum fluctuations induced the quantum coherence becomes position dependent.
IV. INFLUENCE OF VACUUM FLUCTUATIONS ON QUANTUM COHERENCE FOR THE TWO-QUBIT SYSTEM
Now we consider a two-qubit initial state with maximally mixed marginals states, also known as Belldiagonal (BD) states [18, 19] . The density matrix can be represented as ρ 0 = = (c 1 , c 2 , c 3 ) , which is
According to Eq. (5), the corresponding time-dependent density matrix is
Comparing to the analysis of the single-qubit system above, we have to consider the influence of the initial state and vacuum fluctuations on quantum coherence of the two-qubit system. We also interested in under which dynamical conditions the coherence is totally unaffected by noise for the two-qubit system. In the following we adopt a bona fide distance-based measure of quantum coherence [17] 
which is frozen forever for any q ∈ [0, 1], or equivalently frozen for any τ [15] , meaning that the quantum coherence of the system is independent of evolution.
Substituting Eq. (29) into Eq. (1) and Eq. (2), the l 1 norm and relative entropy of the initial two-qubit state can be easily obtained as
Let us consider the case of the vacuum fluctuations without a boundary. Noting that the electric-field twopoint functions which without a boundary [22] and the trajectory Eq. (13) are considered above. As a result, the l 1 norm and relative entropy under the evolution are found to be
where N = (1 − q)(c 1 + c 2 ) 2 + q 2 , and the superscript 0 indicates the vacuum fluctuations in the unbounded space. Now let us analyze under which dynamical conditions the quantum coherence of the two-qubit system is totally unaffected by noise. By applying Eqs. (32)−(35) to Eq. (31), we find that the coherence of BD states will be frozen for any bona fide distance-based measure only when
Therefore, there is no exist trivial freezing of coherence for the dynamics of the two-qubit system, which means that the quantum coherence of BD states must be affected by noise with time.
However, since vacuum fluctuations will be modified for the present of boundary in the vacuum, it is necessary to examine how the vacuum fluctuations affect the quantum coherence. According to the electric-field twopoint functions with the presence of a boundary [23] and the trajectory Eq. (13), the l 1 norm and relative entropy of the coherence under the evolution can be easily obtained
where S = (1 − q ′ )(c 1 + c 2 ) 2 + q ′2 . According to Eq. (31), the dynamical condition of the quantum coherence of the two-qubit system is determined by the term 1 − f (ω 0 , z 0 ) when a boundary is present. Similar to the analysis of the case of the single-qubit system, we can see that whatever direction the polarization is in the xy plane one has α z = 0, resulting in the factor 1 − f (ω 0 , z 0 ) = 0. This dynamical conditions for freezing the quantum coherence can be fulfilled if the atom is transversely polarized and very close to the boundary, which means that the coherence of a two-qubit system can be frozen. Otherwise, the coherence must be affected by noise under the dynamic evolution in open quantum systems and can only be protected in some degree.
V. CONCLUSION
In the framework of open quantum systems, we have investigated the dynamic evolution of a single-qubit system and a two-qubit system when the atom is coupling with the bath of fluctuating vacuum electromagnetic field. Two different situations, the atom interacts with an electromagnetic field without or with the presence of a reflecting boundary, have been studied. For a single-qubit system, we find that for the case of without a boundary, the quantum coherence will be destroyed due to the interaction between the atom and the electromagnetic field. However, with the presence of a boundary, the quantum coherence becomes dependent on position and atomic polarization. The dynamical conditions for the insusceptible of coherence are fulfilled only when the atom is close to the boundary and is transversely polarizable. Otherwise, the quantum coherence can only be protected in some degree in other polarizable direction. Similarly, for a two-qubit system, the vacuum fluctuations always affect the quantum coherence without a boundary. With the presence of a boundary, the quantum coherence of two-qubit states with maximally mixed marginals is shielded from the influence of the vacuum fluctuations of the electromagnetic field when the atom is close to the boundary and is transversely polarizable.
